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Constructs energy and helicity matrices that represent the Beltrami linear system.
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1.1 gauge conditions

1. In the v-th annulus, bounded by the (v − 1)-th and v-th interfaces, a general covariant representation of the magnetic vector-

potential is written

Ā = Ās∇s + Āθ∇θ + Āζ∇ζ. (1)

2. To this add ∇g(s, θ, ζ), where g satisfies

∂sg(s, θ, ζ) = − Ās(s, θ, ζ)

∂θg(−1, θ, ζ) = − Āθ(−1, θ, ζ)

∂ζg(−1, 0, ζ) = − Āζ(−1, 0, ζ).

(2)

3. Then A = Ā + ∇g is given by A = Aθ∇θ + Aζ∇ζ with

Aθ(−1, θ, ζ) = 0 (3)

Aζ(−1, 0, ζ) = 0 (4)

4. This specifies the gauge: to see this, notice that no gauge term can be added without violating the conditions in Eqn.(3) or

Eqn.(4).

5. Note that the gauge employed in each volume is distinct.

1.2 boundary conditions

1. The magnetic field is
√

g B = (∂θAζ − ∂ζAθ) es − ∂sAζ eθ + ∂sAθ eζ .

2. In the annular volumes, the condition that the field is tangential to the inner interface,
√

gB · ∇s = 0 at s = −1, gives

∂θAζ − ∂ζAθ = 0. With the above condition on Aθ given in Eqn.(3), this gives ∂θAζ = 0, which with Eqn.(4) gives

Aζ(−1, θ, ζ) = 0. (5)

3. The condition at the outer interface, s = +1, is that the field is
√

g B · ∇s = ∂θAζ − ∂ζAθ = b, where b is supplied by the user.

For each of the plasma regions, b = 0. For the vacuum region, generally b 6= 0.

1.3 enclosed fluxes

1. In the plasma regions, the enclosed fluxes must be constrained.

2. The toroidal and poloidal fluxes enclosed in each volume are determined using

∫

S

B · ds =

∫

∂S

A · dl. (6)
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1.4 Fourier-Chebyshev representation

1. The components of the vector potential, A = Aθ∇ + Aζ∇ζ, in the v-th volume are

Aθ(s, θ, ζ) =
∑

i,l

Aθ,e,v,i,l T l,i(s) cos αi +
∑

i,l

Aθ,o,v,i,l T l,i(s) sin αi, (7)

Aζ(s, θ, ζ) =
∑

i,l

Aζ,e,v,i,l T l,i(s) cos αi +
∑

i,l

Aζ,o,v,i,l T l,i(s) sin αi, (8)

where T l,i(s) ≡ s̄mi/2 Tl(s), Tl(s) is the Chebyshev polynomial, and αj ≡ mjθ − njζ. The regularity factor, s̄mi/2, where

s̄ ≡ (1 + s)/2, is only included if there is a coordinate singularity in the domain (i.e. only in the innermost volume, v = 1, and

only in cylindrical and toroidal geometry.)

2. The magnetic field,
√

g B =
√

gBs
es +

√
gBθ

eθ +
√

gBζ
eζ , is

√
g B = es

∑

i,l[( −miAζ,e,i,l − niAθ,e,i,l )T l,i sin αi + ( +miAζ,o,i,l + niAθ,o,i,l )T l,i cos αi]

+ eθ

∑

i,l[( − Aζ,e,i,l )T
′

l,i cos αi + ( − Aζ,o,i,l )T
′

l,i sinαi]

+ eζ

∑

i,l[( Aθ,e,i,l )T
′

l,i cos αi + ( Aθ,o,i,l )T
′

l,i sinαi]

(9)

3. The components of the velocity, v ≡ vs∇s + vθ∇θ + vζ∇ζ, are

vs(s, θ, ζ) =
∑

i,l

vs,e,i,l T l,i(s) cos αi +
∑

i,l

vs,o,i,l T l,i(s) sin αi, (10)

vθ(s, θ, ζ) =
∑

i,l

vθ,e,i,l T l,i(s) cos αi +
∑

i,l

vθ,o,i,l T l,i(s) sin αi, (11)

vζ(s, θ, ζ) =
∑

i,l

vζ,e,i,l T l,i(s) cos αi +
∑

i,l

vζ,o,i,l T l,i(s) sin αi. (12)

1.5 constrained energy functional

1. The constrained energy functional in each volume depends on the vector potential and the Lagrange multipliers,

F ≡ F [Aθ,e,i,l, Aζ,e,i,l, Aθ,o,i,l, Aζ,o,i,l, vs,e,i,l, vs,o,i,l, vθ,e,i,l, vθ,o,i,l, vζ,e,i,l, vζ,o,i,l, µ, ai, bi, ci, di, ei, fi, g1, h1], (13)

and is given by:

F ≡
∫

B · B dv +

∫

v · v dv − µ

[
∫

A · B dv − K

]

+
∑

i=1

ai

[

∑

l

Aθ,e,i,lTl(−1) − 0

]

+
∑

i=1

bi

[

∑

l

Aζ,e,i,lTl(−1) − 0

]

+
∑

i=2

ci

[

∑

l

Aθ,o,i,lTl(−1) − 0

]

+
∑

i=2

di

[

∑

l

Aζ,o,i,lTl(−1) − 0

]

+
∑

i=2

ei

[

∑

l

(−miAζ,e,i,l − niAθ,e,i,l) Tl(+1) − bs,i

]

+
∑

i=2

fi

[

∑

l

(+miAζ,o,i,l + niAθ,o,i,l) Tl(+1) − bc,i

]

+ g1

[

∑

l

Aθ,e,1,lTl(+1) − ∆ψt

]

+ h1

[

∑

l

Aζ,e,1,lTl(+1) + ∆ψp

]

(14)

where
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i. ai, bi, ci and di are Lagrange multipliers used to enforce the combined gauge and interface boundary condition on the inner

interface,

ii. ei and fi are Lagrange multipliers used to enforce the interface boundary condition on the outer interface, namely√
g B · ∇s = b; and

iii. g1 and h1 are Lagrange multipliers used to enforce the constraints on the enclosed fluxes.

2. In each plasma volume the boundary condition on the outer interface is b = 0.

3. In the vacuum volume (only for free-boundary), we may set µ = 0.

1.6 derivatives of magnetic energy integrals

1. The first derivatives of
∫

dv B·B with respect to Aθ,e,i,l, Aθ,o,i,l, Aζ,e,i,l and Aζ,o,i,l are

∂

∂Aθ,e,i,l

∫

dv B · B = 2

∫

dv B · ∂B

∂Aθ,e,i,l
= 2

∫

dv B ·
[

−niT l,i sin αi es + T
′

l,i cos αi eζ

]

/
√

g (15)

∂

∂Aθ,o,i,l

∫

dv B · B = 2

∫

dv B · ∂B

∂Aθ,o,i,l
= 2

∫

dv B ·
[

+niT l,i cos αi es + T
′

l,i sinαi eζ

]

/
√

g (16)

∂

∂Aζ,e,i,l

∫

dv B · B = 2

∫

dv B · ∂B

∂Aζ,e,i,l
= 2

∫

dv B ·
[

−miT l,i sin αi es − T
′

l,i cos αi eθ

]

/
√

g (17)

∂

∂Aζ,o,i,l

∫

dv B · B = 2

∫

dv B · ∂B

∂Aζ,o,i,l
= 2

∫

dv B ·
[

+miT l,i cos αi es − T
′

l,i sinαi eθ

]

/
√

g (18)

2. The second derivatives of
∫

dv B·B with respect to Aθ,e,i,l, Aθ,o,i,l, Aζ,e,i,l and Aζ,o,i,l are

∂

∂Aθ,e,j,p

∂

∂Aθ,e,i,l

∫

dv B·B = 2

∫

dv (+njniT p,jT l,isjsigss − njT p,jT
′

l,isjcigsζ − niT l,iT
′

p,jsicjgsζ + T
′

p,jT
′

l,icjcigζζ)/
√

g
2

∂

∂Aθ,o,j,p

∂

∂Aθ,e,i,l

∫

dv B·B = 2

∫

dv (−njniT p,jT l,icjsigss + njT p,jT
′

l,icjcigsζ − niT l,iT
′

p,jsisjgsζ + T
′

p,jT
′

l,isjcigζζ)/
√

g
2

∂

∂Aζ,e,j,p

∂

∂Aθ,e,i,l

∫

dv B·B = 2

∫

dv (+mjniT p,jT l,isjsigss − mjT p,jT
′

l,isjcigsζ + niT l,iT
′

p,jsicjgsθ − T
′

p,jT
′

l,icjcigθζ)/
√

g
2

∂

∂Aζ,o,j,p

∂

∂Aθ,e,i,l

∫

dv B·B = 2

∫

dv (−mjniT p,jT l,icjsigss + mjT p,jT
′

l,icjcigsζ + niT l,iT
′

p,jsisjgsθ − T
′

p,jT
′

l,isjcigθζ)/
√

g
2

∂

∂Aθ,e,j,p

∂

∂Aθ,o,i,l

∫

dv B·B = 2

∫

dv (−njniT p,jT l,isjcigss − njT p,jT
′

l,isjsigsζ + niT l,iT
′

p,jcicjgsζ + T
′

p,jT
′

l,icjsigζζ)/
√

g
2

∂

∂Aθ,o,j,p

∂

∂Aθ,o,i,l

∫

dv B·B = 2

∫

dv (+njniT p,jT l,icjcigss + njT p,jT
′

l,icjsigsζ + niT l,iT
′

p,jcisjgsζ + T
′

p,jT
′

l,isjsigζζ)/
√

g
2

∂

∂Aζ,e,j,p

∂

∂Aθ,o,i,l

∫

dv B·B = 2

∫

dv (−mjniT p,jT l,isjcigss − mjT p,jT
′

l,isjsigsζ − niT l,iT
′

p,jcicjgsθ − T
′

p,jT
′

l,icjsigθζ)/
√

g
2

∂

∂Aζ,o,j,p

∂

∂Aθ,o,i,l

∫

dv B·B = 2

∫

dv (+mjniT p,jT l,icjcigss + mjT p,jT
′

l,icjsigsζ − niT l,iT
′

p,jcisjgsθ − T
′

p,jT
′

l,isjsigθζ)/
√

g
2

∂

∂Aθ,e,j,p

∂

∂Aζ,e,i,l

∫

dv B·B = 2

∫

dv (+njmiT p,jT l,isjsigss + njT p,jT
′

l,isjcigsθ − miT l,iT
′

p,jsicjgsζ − T
′

p,jT
′

l,icjcigθζ)/
√

g
2

∂

∂Aθ,o,j,p

∂

∂Aζ,e,i,l

∫

dv B·B = 2

∫

dv (−njmiT p,jT l,icjsigss − njT p,jT
′

l,icjcigsθ − miT l,iT
′

p,jsisjgsζ − T
′

p,jT
′

l,isjcigθζ)/
√

g
2

∂

∂Aζ,e,j,p

∂

∂Aζ,e,i,l

∫

dv B·B = 2

∫

dv (+mjmiT p,jT l,isjsigss + mjT p,jT
′

l,isjcigsθ + miT l,iT
′

p,jsicjgsθ + T
′

p,jT
′

l,icjcigθθ)/
√

g
2

∂

∂Aζ,o,j,p

∂

∂Aζ,e,i,l

∫

dv B·B = 2

∫

dv (−mjmiT p,jT l,icjsigss − mjT p,jT
′

l,icjcigsθ + miT l,iT
′

p,jsisjgsθ + T
′

p,jT
′

l,isjcigθθ)/
√

g
2

∂

∂Aθ,e,j,p

∂

∂Aζ,o,i,l

∫

dv B·B = 2

∫

dv (−njmiT p,jT l,isjcigss + njT p,jT
′

l,isjsigsθ + miT l,iT
′

p,jcicjgsζ − T
′

p,jT
′

l,icjsigθζ)/
√

g
2

∂

∂Aθ,o,j,p

∂

∂Aζ,o,i,l

∫

dv B·B = 2

∫

dv (+njmiT p,jT l,icjcigss − njT p,jT
′

l,icjsigsθ + miT l,iT
′

p,jcisjgsζ − T
′

p,jT
′

l,isjsigθζ)/
√

g
2

∂

∂Aζ,e,j,p

∂

∂Aζ,o,i,l

∫

dv B·B = 2

∫

dv (−mjmiT p,jT l,isjcigss + mjT p,jT
′

l,isjsigsθ − miT l,iT
′

p,jcicjgsθ + T
′

p,jT
′

l,icjsigθθ)/
√

g
2

∂

∂Aζ,o,j,p

∂

∂Aζ,o,i,l

∫

dv B·B = 2

∫

dv (+mjmiT p,jT l,icjcigss − mjT p,jT
′

l,icjsigsθ − miT l,iT
′

p,jcisjgsθ + T
′

p,jT
′

l,isjsigθθ)/
√

g
2
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1.7 derivatives of helicity integrals

1. The first derivatives of
∫

dv A · B with respect to Aθ,e,i,l, Aθ,o,i,l, Aζ,e,i,l and Aζ,o,i,l are

∂

∂Aθ,e,i,l

∫

dv A · B =

∫

dv

(

∂A

∂Aθ,e,i,l
· B + A · ∂B

∂Aθ,e,i,l

)

=

∫

dv (T l,i cos αi∇θ · B + A · T ′

l,i cos αi eζ/
√

g) (19)

∂

∂Aθ,o,i,l

∫

dv A · B =

∫

dv

(

∂A

∂Aθ,o,i,l
· B + A · ∂B

∂Aθ,o,i,l

)

=

∫

dv (T l,i sin αi∇θ · B + A · T ′

l,i sin αi eζ/
√

g) (20)

∂

∂Aζ,e,i,l

∫

dv A · B =

∫

dv

(

∂A

∂Aζ,e,i,l
· B + A · ∂B

∂Aζ,e,i,l

)

=

∫

dv (T l,i cos αi∇ζ · B − A · T ′

l,i cos αi eθ/
√

g) (21)

∂

∂Aζ,o,i,l

∫

dv A · B =

∫

dv

(

∂A

∂Aζ,o,i,l
· B + A · ∂B

∂Aζ,o,i,l

)

=

∫

dv (T l,i sin αi∇ζ · B − A · T ′

l,i sinαi eθ/
√

g) (22)

2. Note that in the above expressions, A · es = 0 has been used.

3. The second derivatives of
∫

dv A · B with respect to Aθ,e,i,l, Aθ,o,i,l, Aζ,e,i,l and Aζ,o,i,l are

∂

∂Aθ,e,j,p

∂

∂Aθ,e,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
(

(

+T l,i cos αi∇θ · T ′

p,j cos αj eζ
(

(
(

(
(

(
(

(
(

(
(

(
(

+T p,j cos αj∇θ · T ′

l,i cos αi eζ

]

/
√

g (23)

∂

∂Aθ,o,j,p

∂

∂Aθ,e,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

+T l,i cos αi∇θ · T ′

p,j sin αj eζ
(

(
(

(
(

(
(

(
(

(
(

((

+T p,j sin αj∇θ · T ′

l,i cos αi eζ

]

/
√

g (24)

∂

∂Aζ,e,j,p

∂

∂Aθ,e,i,l

∫

dv A · B =

∫

dv
[

−T l,i cos αi∇θ · T ′

p,j cos αj eθ + T p,j cos αj∇ζ · T ′

l,i cos αi eζ

]

/
√

g (25)

∂

∂Aζ,o,j,p

∂

∂Aθ,e,i,l

∫

dv A · B =

∫

dv
[

−T l,i cos αi∇θ · T ′

p,j sin αj eθ + T p,j sin αj∇ζ · T ′

l,i cos αi eζ

]

/
√

g (26)

∂

∂Aθ,e,j,p

∂

∂Aθ,o,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

+T l,i sinαi∇θ · T ′

p,j cos αj eζ
(

(
(

(
(

(
(

(
(

(
(

((

+T p,j cos αj∇θ · T ′

l,i sinαi eζ

]

/
√

g (27)

∂

∂Aθ,o,j,p

∂

∂Aθ,o,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

+T l,i sinαi∇θ · T ′

p,j sin αj eζ
(

(
(

(
(

(
(

(
(

(
(

((

+T p,j sin αj∇θ · T ′

l,i sinαi eζ

]

/
√

g (28)

∂

∂Aζ,e,j,p

∂

∂Aθ,o,i,l

∫

dv A · B =

∫

dv
[

−T l,i sin αi∇θ · T ′

p,j cos αj eθ + T p,j cos αj∇ζ · T ′

l,i sin αi eζ

]

/
√

g (29)

∂

∂Aζ,o,j,p

∂

∂Aθ,o,i,l

∫

dv A · B =

∫

dv
[

−T l,i sin αi∇θ · T ′

p,j sin αj eθ + T p,j sin αj∇ζ · T ′

l,i sin αi eζ

]

/
√

g (30)

∂

∂Aθ,e,j,p

∂

∂Aζ,e,i,l

∫

dv A · B =

∫

dv
[

+T l,i cos αi∇ζ · T ′

p,j cos αj eζ − T p,j cos αj∇θ · T ′

l,i cos αi eθ

]

/
√

g (31)

∂

∂Aθ,o,j,p

∂

∂Aζ,e,i,l

∫

dv A · B =

∫

dv
[

+T l,i cos αi∇ζ · T ′

p,j sin αj eζ − T p,j sin αj∇θ · T ′

l,i cos αi eθ

]

/
√

g (32)

∂

∂Aζ,e,j,p

∂

∂Aζ,e,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
(

(

−T l,i cos αi∇ζ · T ′

p,j cos αj eθ
(

(
(

(
(

(
(

(
(

(
(

(
(

−T p,j cos αj∇ζ · T ′

l,i cos αi eθ

]

/
√

g (33)

∂

∂Aζ,o,j,p

∂

∂Aζ,e,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

−T l,i cos αi∇ζ · T ′

p,j sin αj eθ
(

(
(

(
(

(
(

(
(

(
(

((

−T p,j sin αj∇ζ · T ′

l,i cos αi eθ

]

/
√

g (34)

∂

∂Aθ,e,j,p

∂

∂Aζ,o,i,l

∫

dv A · B =

∫

dv
[

+T l,i sin αi∇ζ · T ′

p,j cos αj eζ − T p,j cos αj∇θ · T ′

l,i sinαi eθ

]

/
√

g (35)

∂

∂Aθ,o,j,p

∂

∂Aζ,o,i,l

∫

dv A · B =

∫

dv
[

+T l,i sin αi∇ζ · T ′

p,j sin αj eζ − T p,j sin αj∇θ · T ′

l,i sinαi eθ

]

/
√

g (36)

∂

∂Aζ,e,j,p

∂

∂Aζ,o,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

−T l,i sinαi∇ζ · T ′

p,j cos αj eθ
(

(
(

(
(

(
(

(
(

(
(

((

−T p,j cos αj∇ζ · T ′

l,i sin αi eθ

]

/
√

g (37)

∂

∂Aζ,o,j,p

∂

∂Aζ,o,i,l

∫

dv A · B =

∫

dv

[

(
(

(
(

(
(

(
(

(
(

(
((

−T l,i sinαi∇ζ · T ′

p,j sin αj eθ
(

(
(

(
(

(
(

(
(

(
(

((

−T p,j sin αj∇ζ · T ′

l,i sin αi eθ

]

/
√

g (38)

4. In these expressions the terms ∇θ · eθ = ∇ζ · eζ = 1, and
»

»
»»∇θ · eζ =

»
»

»»∇ζ · eθ = 0 have been included to show the structure of the

derivation.
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1.8 derivatives of kinetic energy integrals

1. The first derivatives of
∫

dv v2 with respect to vs,e,i,l etc. are

∂

∂vs,e,i,l

∫

dv v · v = 2

∫

dv v · T l,i cos αi∇s (39)

∂

∂vs,o,i,l

∫

dv v · v = 2

∫

dv v · T l,i sin αi∇s (40)

∂

∂vθ,e,i,l

∫

dv v · v = 2

∫

dv v · T l,i cos αi∇θ (41)

∂

∂vθ,o,i,l

∫

dv v · v = 2

∫

dv v · T l,i sin αi∇θ (42)

∂

∂vζ,e,i,l

∫

dv v · v = 2

∫

dv v · T l,i cos αi∇ζ (43)

∂

∂vζ,o,i,l

∫

dv v · v = 2

∫

dv v · T l,i sin αi∇ζ (44)

(45)

1.9 calculation of volume-integrated basis-function-weighted metric information

1. The required geometric information is calculated in ma00aa.

matrix.h last modified on 2018-01-16 11:02:23; SPEC subroutines;
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http://w3.pppl.gov/~shudson/Spec/ma00aa.pdf
http://w3.pppl.gov/~shudson/Spec/subroutines.html
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